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1) Polarization, susceptibility and refractive index in steady state
From the lecture we know (see §3.I.) that the macroscopic polarization P is related to the driving electromagnetic field E by the relation P eiωt = 0 χE0 eiωt , with χ the dielectric susceptibility.
(a) Show that P = NVat deg (u + iv), with u and v the x- and y-components of the Bloch-vector, respectively. To
that aim demonstrate that Re(P eiωt ) = NVat hψ|d|ψi, with Re(A) the real-part of A and hψ|d|ψi the expectation
value of d for atoms in the state ψ, as calculated in the lecture.
(b) Calculate the susceptibility and the index of refraction in steady state. To that purpose derive the stationary
solutions ust , vst and wst for u, v and w from the Bloch equations with damping.
2) Typical values of a helium-neon laser
In this exercise, we want to study typical quantities of a helium-neon (HeNe) laser in operation.
(a) In general, how does the mean photon number in the resonator n̄ph and the atomic inversion nst depend on the
pump rate R? Draw a plot of n̄ph (R) and nst (R).
A HeNe laser oscillates at λ = 0.63µm, the transversal and longitudinal damping rates are given by γ 0 = 109 /s
and γ = 5 · 107 /s, respectively, p
the damping rate of a typical HeNe-resonator is γc = 107 /s, while the “Rabi
frequency per photon” g = deg /~ ~ω/0 V corresponds to g ≈ 105 /s.
(b) With which rate R do we need to pump in order to enter the lasing regime (assuming resonant excitation)?
(c) Calculate the atomic inversion if the laser is above the lasing threshold.
(d) For a pump rate of R1 = 1016 /s (R2 = 1012 /s), calculate the mean photon number n̄ph in the resonator and
the outcoupled laser power P , assuming that losses and transmission are equally contributing to γc .
3) Relaxation oscillations
In the lecture, the following rate equations for the atomic inversion in a laser medium n(t) and the number of
photons in the resonator mode nph (t) were derived from the Maxwell-Bloch equations:
ṅph (t) = −(γc − κn(t))nph (t)
ṅ(t) = −κnph (t)n(t) − γn(t) + R .

(1)

Here, γc is the damping rate of the resonator, γ is the natural line width of the upper laser level |ei (= longitudinal
damping rate of the Bloch vector), κ is the transition rate for stimulated emission (= Einstein B coefficient) and
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R is the pump rate.
(a) Show that in steady state and above the lasing threshold, the atomic inversion is given by nst = γc /κ and the
number of photons in the resonator is given by n̄ph = (R − Rth )/γc , with Rth = γc γ/κ.
(b) Show that above the lasing threshold in close vicinity to steady state the ansatz nph (t) = n̄ph + δnph (t),
n(t) = nst + δn(t) and ρ = R/Rth lead to the following coupled system of differential equations for δnph (t) and
δn(t)
δ ṅph (t) = (ρ − 1)γδn(t)
δ ṅ(t) = −(γ + κn̄ph )δn(t) − γc δnph (t) .
(c) Show that this leads to the following uncoupled second order differential equations for δnph (t) and δn(t)
δn̈ph (t) = −ργδ ṅph (t) − (ρ − 1)γγc δnph (t)
δn̈(t) = −ργδ ṅ(t) − (ρ − 1)γγc δn(t) .

(2)

(d) Solve (2) with the ansatz x(t) = C1 eλ1 t + C2 eλ2 t (with x(t) = δnph (t) and x(t) = δn(t) respectively). Under
which circumstances above the lasing threshold (ρ > 1) can you find relaxation oscillations?
Consider a laser cavity with γc = 107 s−1 , a pump power of P = 5W (with P = R · const.), a pump threshold
Pth = 0.5W and the following gain media: Nd:YLF (τ = 480µs), Nd:YVO4 (τ = 50µs) and Ti:sapphire
(τ = 3.2µs).
(e) Verify for all three cases whether relaxation oscillations will occur.
(f) What pump powers would be necessary to suppress the relaxation oscillations?
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